A general theory of quantum-limited feedback for continuously monitored systems is presented.
I. INTRODUCTION
Although feedback is used widely to control noise in open quantum systems (such as lasers), a general theory to deterxnine the quantum-limited behavior of such feedback has not previously existed. There are two main approaches to a quantum theory of feedback. The first is a theory based on quantum Langevin equations (stochastic Heisenberg equations of motion). Over the past decade, a number of authors [1 -3] have used this approach to describe particular feedback systems. All of these treatments have used the approximation of linearizing around a constant large mean amplitude to avoid issues of operator ordering. The second main approach is to use quantum trajectories [4 -7] , which in essence are a consequence of quantum measurement theory applied to continuously monitored systems. Using this technique, it was found possible to derive a master equation describing the efFect of the feedback on a cavity in the limit of sxnall time delay [8, 9] . For linearized systems, it is possible to solve the stochastic equations, and incorporate arbitrary Ioopresponse functions [9] , as is possible with the quantum Langevin approach.
However this quantum-trajectory approach was only understood for homodyne measurement (which is equivalent to direct detection with the large-amplitude approximation) .
These two approaches to feedback are conceptually quite diferent. The first treats the fed-back current as an operator with quantum Huctuations, whereas the second treats it as a classical quantity with objectively real Huc- tuations. In this paper, I show that these two pictures are in fact equivalent. Furthermore, the treatment given is exact; it does not rely on any linearization approximation, and it applies to direct detection as well as to homodyne detection. The result of the quantum Langevin approach is a non-Markovian stochastic evolution equation for an arbitrary system operator. The corresponding quantuxn trajectory is a non-Markovian stochastic evolution equation for the system state matrix. In the limit that the time delay in the loop goes to zero, one obtains a Markovian I angevin equation in the 6rst case, which is equivalent to the xnaster equation derived for the second case.
Irrespective of their origin, the equations are simple to apply. For some applications, either the master equation or quantum Langevin equation form may be more apt, so it is good to have a choice. The theory applies to feedback onto any system that obeys a master equation. It does not apply to the traveling wave problem [1] , to which a linearized approximation is the only alternative to a stochastic numerical solution. The most obvious applications are for quantuxn optical cavities, in which, for example, the driving, or the loss rate, or nonlinear coupling strengths could be controlled by feedback. This is possible using various electro-optic devices, such as a current-sensitive birefringent crystal combined with a polarization-dependent beam splitter [10] . The Markovian approximation ( [11, 12] . To do this, it is first necessary to review quantum stochastic difFerential calculus, and extend it for interactions such as that describing photon pressure on a mirror. Section IV treats the special case of feedback mediated by homodyne measurement, using The vector of operators c" is not unique; a unitary transformation in the complex vector space indexed by p will leave the ME unchanged [6] . For simplicity, consider the case where there is only one source of irreversibility so that
As the title of this section suggests, the foundation of the feedback theory presented here is the theory of master equations and quantum measurement.
A [13, 14] where the sum over n is the sum over all possible results of the measurement. The normalized density operator, conditioned on the result n is, of course,
The general form of the ME (2.3) and the general form of quantum measurement can be put in one-to-one correspondence once a particular representation of the ME has been chosen. [15, 16] .
Next, we need the most general formulation of quantum measurement theory. In orthodox quantum rnechanics, this is as follows [17, 14] . A measurement in the time interval (t, t + T) yields the answer n with probability a=0, 1 is equivalent to the ME (2.3).
We thus see that noninvasive measurements on a Markovian quantum system necessarily yields a measurement record which is a point process. [18] (
increment divided by dt, even though the quantity on the left-hand side is dp/dt To emphasize this, the left-hand side of an implicit equation will always be written as p rather than dp/dt (2. [dp, (t)]& --dN, (t -w) (e -ij p, (t).
Providing this expression converges (which it will do for dM = dW or dM = dN), it is compatible with the requirement on the implicit form [Eq. (2.37)], independent of the nature of the stochasticity. This can be seen by calculating the increment in f(z) using the explicit form with dM(t) = dW(t), then the Ito SDE is dz(t) = y(h(t))dW(t) + -y(h(t))y'(z(t))dt. (2.44) Here, the Ito rule [dW(t)] = dt has been used. This rule implies that it is only necessary to expand the exponential to second order. This fact makes the inverse transformation (Ito to Stratonovich) easy [18] . For For the general case, it is necessary to use the state matrix description. The complete selective evolution equation of the system under feedback is thus dp, (t) = (dN, (t -r)(e -1) + dN, (t)g [c] +-''l) ( 
(2.55)
For w finite, the placement of the feedback after the other dynamics is not important, and expanding the exponential gives the above expression (2.54). However, for v = 0, the later action of the feedback is essential. In this case, expanding the exponential yields [19, 20] are flawed. In fact, this result holds for feedback based on any form of extra-cavity detection, as the diferent forms correspond merely to the transformation (2.4). 
{3. 5)
This section uses a different approach to feedback from the preceding one. The physical system being modeled is the same as that of the preceding section: an open quantum system continuously monitored by a detector, the output of which is used to control the evolution of the system. However, the theory in this section lacks any measurement step; the entire analysis is undertaken within the framework of unitary quantum mechanics. Unitary evolution of the system plus bath can give rise to nonunitary evolution of the system. The bath carries away information about the system, causing it to change irreversibly. A detector can regain this information, and feed it back into the system. In the approach of the previous system, the information was explicitly realized as a classical measurement result before being fed back. In this section, the information remains in a virtual form, as the entire loop is treated formally as a quantum system. I begin by reviewing and extending the theory of system-bath coupling [11, 12] . [11, 21] . Define (3 4) where c{t) is the annihilation operator of the cavity (tuned to the frequency ck), multiplied by the square root of the cavity decay rate. Ignoring other dynamics, the evolution of an arbitrary Heisenberg operator a(t) is
The theory presented here describes a system interacting locally with a bath consisting of a continuum of harmonic oscillators. Physically, the system may be an optical cavity, and the bath the external electromagnetic field modes with momentum aligned to the cavity axis. The electric field (or rather, one polarization component) at a particular point in space-time (parametrized by z, t)
is represented approximately by the Heisenberg-picture operator [12] The evolution of an arbitrary operator is then given explicitly by a(t+ dt) = U, '(t, t+ dt)a(t)U, (t, t+ dt), where (3.9) Ui(t, t+ dt) = exp dBt{t)c(t) -dB, (t)c(t) . (3.10) In Eq. (3.9), the bath operators dBi(t) and dBi(t) are independent of the system operator a(t), and Ui(t, t+dt) must be expanded to second order. Now [11] .This fact will be essential to the feedback theory developed later. The output photon-Bux operator is defined by
Define a photon count increment operator [21] dN2(t) = I2(t)dt. [22] P(t) = 2M(z, t), (3.21) Ref. [24] and so will not be reproduced here.
I2(t) = bt2(t)b2(t) = b~&(t)e '"'e '"'bq(t) = bt(t)b, (t) = I,(t).

B. C}uantum Langevin equation
The (4.12) 1*(~) = b2(t)+b2(t) = c(~)+ "(t)+b (t)+bl(t) (4.13) Expanding the exponential to second order in 1/P and then taking the limit P~o o reproduces (4.9). Thus the feedback theory for direct detection includes feedback based on homodyne detection as a special case. In another sense, however, feedback based on homodyne detection is more general. As noted above, direct detection in the presence of thermal (or squeezed) white noise is not well defined, because the photon fiux becomes infinite. The "quadrature Bux, " on the other hand, remains finite, and the equations [(4.3) and (4.5)] can be generalized to cover this case [24] . The effect is merely to change the coefficient of the Gaussian noise term. The noise will be increased by thermal noise, but may be decreased by suitably squeezed white noise. Physically, the reason that homodyne measurement may be well defined, even though direct detection is not, is that no noise is truly white. For direct detection, broad-band noise is as good I The feedback Hamiltonian is defined as K&(t) = F(t)I*(t -~) .
(4.14)
The time delay w ensures that the quadrature output operator I (t) commutes with all system operators at the same time. Thus it will commute with F(t) and there is no ambiguity in the operator ordering in Eq. (4.14). Treating the equation of motion generated by this Hamiltonian as an implicit equation, the explicit equation is (4.15) Adding in the the nonfeedback evolution gives the total explicit equation of motion C. The effect of a finite time delay z = -pz -2(x -vl2(, (4.22) where (x --bi + bi is the input z quadrature noise opert.
ator for the first mirror, and ( is likewise for the second loss source, and p = (1+l)/2 -r will be assuxned positive in order to guarantee stability. This equation is the most general linear equation. The two loss sources are necessary because only one of them will be used for feedback. Although this equation is written as an implicit equation, it is only necessary to multiply both sides by dt to obtain an explicit one, because of the linearity.
Let the feedback be efFected by driving the system, with Hamiltonian
In this section, I show that it is possible to solve exactly the problem of non-Markovian feedback for linear systems, and furthermore that the result is in agreement with the approximate master equation derived in Sec. IID for the case of small time delays. By a linear system, I mean one in which the equation of motion for the quadrature operator of interest (z) is linear.
The non-Markovian feedback is solved using the quantum Langevin approach, although it is quite possible to use the quantum trajectory approach also [9] . Let 
((x((u)(x((u')) = 2m 6(~+~' ). The expression (4.25) may be used to find observable quantities, such as the spectrum of a homodyne measurement of the &ee output of the cavity, &om the second xnirror with loss rate l. The normalized spectrum (equal to one at high frequencies) is defined as S(ar) = f d (J (a)J ( tc-tc')), (4.27) where the &ee homodyne current is J (t) = 2lz(t) + +l((t). Ref. [19] . 
